Math 241 - Calculus II1
Spring 2012, section CL1
§ 16.8. Stokes’ theorem

In these notes, we illustrate Stokes’ theorem by a few examples, and highlight the fact that
many different surfaces can bound a given curve.

1 Statement of Stokes’ theorem

Let S be a surface in R? and let S be the boundary (curve) of S, oriented according to the
usual convention. That is, “if we move along 95 and fall to our left, we hit the side of the
surface where the normal vectors are sticking out”. Let F be a vector field that is defined (and
smooth) in a neighborhood of S. Then the following equality holds:

/ ﬁ-df://curlﬁ-ﬁds.
oS S

The theorem can be useful in either direction: sometimes the line integral is easier than the
surface integral, sometimes the other way around.

2 Examples
Consider the vector field F' = (y,xz,1) whose curl is
i j ok
F_|o o @
curl /' 9z @ 92
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= (—2,0,z —1).

Consider the curve C' which is the unit circle in the zy-plane, defined by 22 + 4% = 1, 2 = 0,
oriented counterclockwise when viewed from above. Let us compute the line integral of F' along

C.

First, parametrize C' by the usual “longitude” angle 6:
7(6) = (cosf,sin b, 0)
0<6<2m.

Then we have
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Stokes’” theorem claims that if we “cap off” the curve C' by any surface S (with appropriate
orientation) then the line integral can be computed as

/ﬁ-dfz//curlﬁ-ﬁds.
C S

Now let’s have fun! More precisely, let us verify the claim for various choices of surface S.

2.1 Disk

Take S to be the unit disk in the zy-plane, defined by 2% +4* < 1, z = 0. According to the
orientation convention, the normal 77 to S should be oriented upward, so that in fact 7 = (0,0, 1).

//Scurlﬁ.ﬁdS://S(—x,(),z_m.(O,O’Dds
I//S(z—l)dS
Z//S(—l)dS

= —Area(95)

-

2.2 Hemisphere

Take S to be the unit upper hemisphere, defined by 22 +9?+4 22 = 1, 2 > 0. According to the
orientation convention, the normal 77 to S should be oriented upward, pointing away from the

origin. That means 77 = \/% = (z,y,2). Let us parametrize S in spherical coordinates,
ety 4z



with colatitude 0 < ¢ < 7 and longitude 0 < 6 < 2.

//curlﬁ-ﬁdS://(—x,O,z—1)-(x,y,z)dS
S s
:// —2? + 2% — zdS

/2 / (sin ¢ cos 0)% + (cos ¢)* — cos qb) sin ¢ dfd¢
:/ (—msin® ¢ + 27 cos? ¢ — 27 cos @) sin ¢ do
0

:ﬂ/2(6082¢— 1+ 2cos? ¢ — 2cos ¢)sin ¢ do
0

:77/2(30082¢—2cos¢—1)singbd¢ u = cos ¢,du = — sin ¢pd¢
0

= W/10(3u2 —2u — 1)(—du)
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We could also take S to be the unit lower hemisphere, defined by 22 +y> + 22 =1, z < 0.
According to the orientation convention, the normal 77 to S should be oriented upward, pointing

towards the origin. That means 17 = —ews) —(z,y,2). Again, we parametrize S in

Va2 ty?tz?
spherical coordinates, with colatitude § < ¢ < 7 and longitude 0 < 6 < 27. A very similar
calculation yields:

//Scurlﬁ-ﬁdS://S(—x,o,z—l).(_(x7y72))ds
Z—//S—x2+22—zds

= /W(?)cos ¢—2cos¢p—1)singpdo



2.3 Paraboloid

Take S to be the part of the paraboloid defined by z = 1 — 22 — 42, 22 4+ y? < 1. According to
the orientation convention, the normal 77 to S should be oriented upward, pointing away from
the z-axis.

Let us parametrize S using x and y as parameters, with domain of parametrization D the unit
disk 22 + 2 < 1:
F(QJ, y) = (I,y, I- .172 - y2)
The tangent vectors are
e = (1,0, —27)

Fy = (07 17 _2y>

so that a normal vector is given by the cross product
Ty X Ty = (22,2y, 1).

Check the orientation: This normal vector points up and away from the z-axis. Ok! No need

to flip it.
// curl F - 7 dS = // curl F - (7, X 7y )dzdy
S D
Y/
D
= // 2% + 2 — ldzdy
D
= // —22% 4 (1 — 2% — y*) — ldzdy
D
= // 32 — y*drdy
/ / 37" cos? 0 + r?sin 9) rdrdf
/ / 3r cos? 0 + 2 sin 0) drdf
/ — cos 9+ sin® 0do
(2
4
2.4 Cone

Take S to be the part of the cone defined by z = 1 — \/22 + 32, 22 + ¢* < 1. According to the
orientation convention, the normal 77 to S should be oriented upward, pointing away from the
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z-axis.

Let us parametrize S in cylindrical coordinates with 0 <r <1 and 0 < 6 < 27:
7(r,0) = (rcosf,rsinf,1 —r).

The tangent vectors are

7 = (cosf,sinf, —1)

—

79 = (—rsind,rcosf,0)

so that a normal vector is given by the cross product

i ik
Tr X Tg = | cosf sinff —1
—rsinf rcosf 0
= ;(0 — (=rcosf)) — 5(0 —rsinf) + E(r cos? @ — (—rsin?h))
= (rcosf,rsinf,r).

Check the orientation: This normal vector points up and away from the z-axis. Ok! No need
to flip it.

//curlﬁ-ﬁdS:// curl F - (7, x 7) drd
S D

Notice! The vector 7. x iy = (rcos@,rsiné,r) already encodes the distortion

of area dS = |, x 7| drdf = v/2r drdf. Do not throw in an extra r.

= // (=2,0,z—1) - (rcos@,rsin@,r)drdd
D

= // (—=r*cos* 0 + (—r)r) drdd
D

2w 1
= —/ / r%(cos® 0 + 1)drdf
o Jo
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1
- _5/ (cos® 0 + 1)d6

0

1
= —§(7r + 2m)

-

2.5 Tin can

Take S to be the “tin can with a top but without the bottom”, of height, say, 5. In other words,
S consists of the part of the cyclinder 2% + y*> = 1, 0 < z < 5 (the side of the can), along with
the disk 2% +4? < 1, 2 = 5 (the top of the can). Call them respectively S; and Ss.



According to the orientation convention, the normal 77 to S; should point away from the z-axis.
That means 7 = (z,y,0). Let us parametrize S; in cylindrical coordinates with 0 < z < 5 and
0<6<2m:

7(z,0) = (cosf,sind, z).

// curlﬁ-ﬁdS:// (=2,0,z—1) - (z,y,0)dS
Sl Sl
:// —z%dS
s

1
27

= — /5(00s2 0)(1)dzdo

27
= —5/ (cos? 0)do
0

= —5.

The normal 7 to Sy should point up. That means 7 = (0,0, 1).

//S curlﬁ-ﬁdS://S (—2,0,2—1) - (0,0,1)dS
Z//Sz(z—l)ds
- [[ s

= 4 Area(5s)
= 4.

Combining the two parts, we obtain

//Curlﬁ-ﬁdS:// Curlﬁ-ﬁdS—l—// curl £ - 7 dS
S S Sa

= —bm +4r

-

3 Closed surfaces

3.1 Closed curves

Recall the following from chapter 13.

Definition 3.1. A closed curve is a curve that ends where it started.

In other words, a closed curve C' has no endpoints floating around; it forms a loop. Another
way to say this is that its boundary is empty: 0C = (). In general, the boundary of a curve
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is its ending point minus its starting point (the signs account for orientation). If the curve C'
goes from A to B, then we can write

0C =B —A.

A consequence of the fundamental theorem of line integrals is that integrating a conservative
vector field along a closed curve C' automatically yields zero:

/C Vi -dif = f(B)— f(4) = 0. 1)

In fact, we learned that property (1) characterizes conservative vector fields: A vector field is
conservative if and only if its integral along any loop is zero.

Property (1) is not as mysterious as it seems. The key is that conservative vector fields are
very special. Most vector fields are not conservative, i.e. are not the gradient of any function.

3.2 In 2 dimensions

What is the analogous notion for 2-dimensional objects, namely surfaces?

Definition 3.2. A closed surface is a surface that has no boundary.

In other words, a closed surface S has no “edge” floating around. Another way to say this is
that its boundary is empty: 9S = (). In general, the boundary of a surface will be a curve, or
possibly several curves.

Ezample 3.3. Let S is the upper hemisphere of radius R, defined by z? + y> + 22 = R?, 2 > 0.
Its boundary O is the circle of radius R in the zy-plane, defined by 22 + 3% = R?, 2 = 0.

Ezxample 3.4. Let S is the sphere of radius R, defined by 22 + 3% + 2?2 = R%. Its boundary 95
is empty. That is, the sphere is a closed surface.

Example 3.5. Let S is the part of the cylinder of radius R around the z-axis, of height H,
defined by 2% + y? = R?, 0 < 2 < H. Its boundary 9S consists of two circles of radius R: C
defined by 22 + > = R?, 2 = 0, and C, defined by 22 +y*> = R?, 2 = H.

A consequence of Stokes’ theorem is that integrating a vector field which is a curl along a
closed surface S automatically yields zero:

//curlﬁ-ﬁdsz/ F.dr
S oS
/ﬁ-df
1]

0. 2)

Remark 3.6. In case the idea of integrating over an empty set feels uncomfortable — though it
shouldn’t — here is another way of thinking about the statement. If S is a closed surface, cut it
into two parts S; and S5 along some curve C'. For example, we can cut the sphere S into the
upper hemisphere S; and lower hemisphere Sy along the equator C'. Applying Stokes’s theorem



to each part yields

//curlﬁ-ﬁdsz// curlﬁ-ﬁds+// curl F - 7 dS
S S1 So
:/ﬁwﬁi/ﬁdf
C C

=0

where the opposite signs come from the orientation convention.

In fact, property (2) characterizes curls: A vector field is the curl of some vector field if and
only if its integral along any closed surface is zero.

Property (2) is not as mysterious as it seems. The key is that curls are very special. Most
vector fields are not the curl of a vector field.

4 Which vector fields are curls?

We have seen that vector fields of the form curl F are (relatively) easy to integrate along
surfaces. But how do we know if a given vector field is the curl of some vector field? Here is a
necessary condition.

Proposition 4.1. Let F be a nice enough vector field (twice continuously differentiable). Then
we have div(curl F') = 0. In words: a curl is always incompressible.

Proof. Write F= (F1, Fy, F3) and abbreviate the partial differentiation operators as

0 0 0
al_a_xaaQ_a_yaa?)_a'

Then the curl is

— — —

R A:
curl /' = [0, 0y 04
F Fy F3

= (0o Fy — 03 Fy) — J(0Fy — O3F)) + k(0 Fy — 92 F))
= (0uFy — 05 F5, 05 F) — 01 Fy, 01 Fy — 0o F).
Its divergence is
div (curl ﬁ) — 01(0yFy — O3 Fy) + 005 Fy — D1 Fy) + 03(01Fy — Do FY)
= 0105 Fy — 0105 Fy + 0:05F) — 0,01 F;3 + 0301 Fy — 0305 F,
= (0102F5 — 0001 F3) + (0205 F, — 0305 F1) + (0301 Fy — 9105 F3)
=0+0+0
= 0.



Remark 4.2. If one prefers the notation F = (P,Q, R), then the above calculations can be
written as

Curlﬁ: (Ry_szpz_Raan_Py)

and
div (curl ﬁ) — (Ryy — Ruy) + (Poy — P.) + (Qus — Qu0) = 0.

Ezample 4.3. We have seen in section 2 that the vector field (—z, 0, z—1) is a curl. Its divergence

is indeed zero:
div(—z,0,z—1)=-14+0+1=0.

Ezxample 4.4. Consider the vector field F= (zy?,y+2,y2%). Is F the curl of some vector field?

The divergence is

- 0 0 0
div F = —(z1/ — —(yz®
iv ax(ﬁy)+3y(y+2)+8z(y2)
=y® + 1+ 3yz?
which is not the constant function 0. Therefore F is not the curl of a vector field.

Question 4.5. Is the condition also sufficient? In other words, does the property divF =0
guarantee that F'is a curl?

In general, the answer is NO! However, there is a partial converse.

Proposition 4.6. Let F be a nice enough vector field on all of R3. Ifﬁ satisfies div F = 0,
then F' is the curl of some vector field. In words: a vector field defined everywhere on R? is a
curl if and only if it is incompressible.

Example 4.7. Consider the vector field F = (zy?, —y> + cos z,2y%z). Is F' the curl of some
vector field?

The divergence is

div F = 2(:zryz) + g(—ys + cosz) + 2(2y22)

ox oy 0z
— y2 . 3y2 + 2y2
= 0.

Moreover, F is defined (and smooth) everywhere on R3. Therefore F is the curl of some vector

field.

Remark 4.8. Describing more precise sufficient conditions for an incompressible vector field to
be a curl would require a foray into topology. The answer depends on the shape of the domain
of F.

In the lecture on Monday April 30, we will see that the converse of 4.1 can fail spectacularly.
We will study a vector field F' satistying div F' = 0 which is not a curl.



Stokes' Theorem Examples

Stokes' Theorem relates surface integrals andritegrals.

STOKES' THEOREM
Let F be a vector field. Let be an oriented swefeend letC' be the boundary curveSf

//ScurI(F)~dA = y{CF-ds

using the right-hand rule. Then:

, orien

EXAMPLE 1 LetC be the curve defined by the parametric equoatio

z=0
y =2+ 2Ccost 0<t<2nm
z=2+42sint

Use Stokes' Theorem to evalu7{ex2e5z dx + zcosydy + 3ydz
c

SOLUTION The parametric equations above describe a ciraladfis2 on thgz -plane:

z

Let D be the disc whose boundary is the given cir@g Stokes' Theorem:

/ (z%€” i+ z cosyj + 3yk) - ds = // curl(z?e** i + z cosyj + 3yk) - dA
c D

We compute the curl:
[ i k
curl(z’e” i+ zcosyj +3yk) = |9/0z  0/0y 0/0z| = (3i+5az’e™ ] + cosyk)

x%e% xcosy 3y

So we have to evalua}é/ (3i + 52’ j + cosyk) - dA
D

ted



This integral can be evaluated geometrically. VhetordA for the disc points in the positive
direction. (Stokes' theorem uses the right-hane: rif you curl the fingers of your right hand fhe
direction ofC' , then your thumb points in the direotof dA.) So:

(3i 4+ 5% ] + cosyk) - dA = 3dA

Therefore:

// (3i + 52" ] + cosyk) - dA = // 3dA = 3 x (the area of the dise= 127 u
D D

EXAMPLE 2 LetS be the surface=xz(1 —z)y(1—y) far<z<1 afdy<1 . Evaluate the
integral// zk - dA , wherelA is the upward-pointing normalteec
S

SOLUTION If we wish to use Stokes' theorem, we must expr&sas the curl of some vector fiekd
The formula for the curl is:

i j k
curlF = 19/0x 0/0y 0/0z| = (
F, F, F

OF. 0F, OF, OF. OF, OF,
oy 0z 0Oz ox ' Ox oy

So what we need is:
oF, OF, 0 oF, OF, 0 0F, OF,

oy 0z 0z or or oy

It is not hard to guess tha}, = %:cz ,Wilh = F, =0 . Indeed:

i i k
I
curl §wj = 19/0x 0/0y 0/0z| = K
0 12 0

2

By Stokes' Theorem, we conclude t?%[

xK - dA = 7{ %:cQ dy, whereC' is the boundary curve of the
S c

surfacesS .

So what is the boundary 6f ? Well, the equatiea =(1 — z)y(1 — y) specifies a surface whose
z-coordinate varies with horizontal position:



The allowed values ot
describe a square on the

ang

are determined by tiegualities) <x <1 and <y <1
-plane:

, which
Ay

1

\ A

1

The sides of this square are along the lines0 y =,0 x =,1 andy =1
see that: = 0 for these values .of

. Looking at the equation, we
and , so the boymafathe surface is just the boundary of the
square on they -plane:
Ay
1 <
\ % A
S
> 1 >

1 .
We can evaluat?{ 5:[:2 dy geometrically:
c

1, / 1, / 1, 1 1,
—rdy = —z“dy + —zdy + —2?dy + —z°d
fé} 2 top 2 bottom 2 Y left 2 Y right2 Y
The top and bottom sides are horizontaldge= 0

Heanore,x = 0 along the left edge, and-= 1



along the right edge, so:

1, 1 1
—xdy:0+0+0+/ —dy = = [ |
£‘2 right2 2

EXAMPLE 3 Let S be the upper hemisphere of the unit sphére y> + 22 = 1 Use Stokes' theorem
to evaluate// (x3eyi — 3xQeyj) -dA , wheréA is the upward-pointing norveakor.
s

SOLUTION If we wish to use Stokes' theorem, we must expiéssi — 3z%¢? | as the curl of some
vector fieldF . The formula for the curl is:

i j k
curlF = |9/0x 0/oy 0/0z| = (
F, F, F

OF. 0F, OF, OF. OF, OF,
oy 0z’ 0Oz ox ' Ox oy

So what we need is:
OF, B oF, 3

, F, F,
ey 0 0 = —3z%eY

) oF, o,
oy 0z 0z or or oy

If we guess thaf, anH, are zero, itis not too harfthure out that”, = z3e? . Indeed:

[ ] k
Curl(w?’ey k) = |0/0x 09/0y 0/0z| = z3e¥i — 3z
0 0 ey

By Stokes' Theorem, we conclude thf}/ (ze’i — 32%e’]) - dA = fx;‘ey dz, whereC' is the
S c
boundary curve of the surface

SincesS is the upper hemisphere of the unit spl@ris, just the unit circle on they -plane. By the
right-hand rule,C' is oriented counterclockwiset wbuld be clockwise if we had started with the

downward-pointinglA .) TheW{ z3e¥ dz is zero, since is duwanging over the course of the circle.
c

We conclude tha// (z%e¥i — 32%e’j) -dA =0 . |
S



EXAMPLE 4 LetS be the surface defined by= 2> + > foK 4 . Use Stokesorem to evaluate
// (—3zz%i + 2°k) - dA, wheredA is the upward-pointing normal vector.
s

SOLUTION If we wish to use Stokes' theorem, we must expressz?i + 2*j as the curl of some
vector fieldF . The formula for the curl is:

i j k
curlF = |9/0x 9/0y 0/0z| = (
F, F, F

OF. 0F, OF, OF. OF, OF,
oy 0z Oz ox ' Ox oy

So what we need is:

OF; — 8Fy = —3xz

9 OF, OF, OF, OF, 3
— =0 =z
oy 0z 0z or ox oy

If we guess thal’, anB, are zero, it is not harfibtare out thatF, = xz3 . Indeed:

i i k
curl(z2*]) = |9/ox 0/oy 8/9z| = —3xz"i+2°k
0 x2? 0

By Stokes' Theorem, we conclude thj[% (=3z2%i 4 2°k) - dA = y{xz“ dy, where C is the
s c
boundary curve of the surface

So what is the boundary &f ? Well, the equationthe surfaceS can be expressed: asr? ,
wherez < 4 . This appears as a parabola omthe -plane:

AZ

A A

\ 2

Therefore, the surfacgé is a bowl-shaped paraboligdboundary curvé’ is a counterclockwise circle
on the plane = 4 with radius , with parameterization:

xr = 2COSt
y = 2sint 0<t<2r
z=4



(The circle is counterclockwise by the right-haaoter) Thus:
21
7{ 2 dy = / (2 cost)(4)*(2 cog di)
C 0
27
= 256 / costdt
0

21 1
= 256/ 5(1 + cos2t) dt (double-angle formula)
0

1 27
=128 [t + —Sin2t]

2 0
= 2567



