Nonhomogeneous Linear Equations

In this section we learn how to solve second-order nonhomogeneous linear differential equa-
tions with constant coefficients, that is, equations of the form

[1] ay” + by + cy = G(x)
where a, b, and ¢ are constants and G is a continuous function. The related homogeneous
equation

[2] ay’ + by +cy=0

is called the complementary equation and plays an important role in the solution of the
original nonhomogeneous equation (1).

[3] Theorem The general solution of the nonhomogeneous differential equation (1)
can be written as

y(x) = yp(x) + yelx)

where y, is a particular solution of Equation 1 and y. is the general solution of the
complementary Equation 2.

Proof All we have to do is verify that if y is any solution of Equation 1, then y — y, is a
solution of the complementary Equation 2. Indeed

aly = y,)" +b(y —y,) +cly —y) =ay" —ay, + by — by, +cy — cy,
= (ay" + by" + cy) — (ay, + by, + cy))
=g(x) —gx) =0 mE

We know from Additional Topics: Second-Order Linear Differential Equations how to
solve the complementary equation. (Recall that the solution is y. = c¢1y; + ¢2y2, where y,
and y, are linearly independent solutions of Equation 2.) Therefore, Theorem 3 says that
we know the general solution of the nonhomogeneous equation as soon as we know a par-
ticular solution y,. There are two methods for finding a particular solution: The method of
undetermined coefficients is straightforward but works only for a restricted class of func-
tions G. The method of variation of parameters works for every function G but i0s usually
more difficult to apply in practice.

:: The Method of Undetermined Coefficients

We first illustrate the method of undetermined coefficients for the equation
ay” + by + cy = G(x)

where G(x) is a polynomial. It is reasonable to guess that there is a particular solution
¥, that is a polynomial of the same degree as G because if y is a polynomial, then
ay” + by’ + cyis also a polynomial. We therefore substitute y,(x) = a polynomial (of the
same degree as G) into the differential equation and determine the coefficients.

EXAMPLE 1 Solve the equation y” + y' — 2y = x?.
SOLUTION The auxiliary equation of y” + y" — 2y = 0 is

P+r=—2=0F—-1)Fr+2)=0
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== Figure 1 shows four solutions of the differen-
tial equation in Example 1 in terms of the particu-
lar solution y, and the functions f(x) = e*

and g(x) = e
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== Figure 2 shows solutions of the differential
equation in Example 2 in terms of ¥, and the
functions f(x) = cos 2x and g(x) = sin 2x.
Notice that all solutions approach o as x — o
and all solutions resemble sine functions when
x is negative.
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with roots 7 = 1, —2. So the solution of the complementary equation is

Ve = cre* + cre >

Since G(x) = x?is a polynomial of degree 2, we seek a particular solution of the form
y(x) = Ax* + Bx + C

Then y, = 2Ax + B and y, = 2A so, substituting into the given differential equation, we
have

(2A) + 2Ax + B) — 2(Ax*> + Bx + C) = x*
or —2Ax*> + 2A —2B)x + A+ B —2C) =x?
Polynomials are equal when their coefficients are equal. Thus

—2A =1

2A —2B=0 2A+B—-2C=0

The solution of this system of equations is

A particular solution is therefore

2 1. _ 3
2X T g

y(x) = _%x
and, by Theorem 3, the general solution is

3

2 1 2 1 _ 3
2X 2X T g

y=y.ty =ce + ce Em

If G(x) (the right side of Equation 1) is of the form Ce**, where C and k are constants,
then we take as a trial solution a function of the same form, y,(x) = Ae**, because the
derivatives of ¢** are constant multiples of e**.

EXAMPLE 2 Solve y” + 4y = ™.

SOLUTION The auxiliary equation is 7> + 4 = 0 with roots +2i, so the solution of the
complementary equation is

ve(x) = ¢ cos 2x + ¢, sin 2x

For a particular solution we try y,(x) = Ae™. Then y, = 3Ae* and y, = 9Ae™. Substi-
tuting into the differential equation, we have

OAe™ + 4(Ae*) = e¥
s0 13A¢™ = ¢* and A = +5. Thus, a particular solution is

00 = e

and the general solution is

y(x) = ¢;¢c0s 2x + ¢, 8in 2x + 15e™ Em

If G(x) is either C cos kx or Csin kx, then, because of the rules for differentiating the
sine and cosine functions, we take as a trial particular solution a function of the form

yp(x) = A cos kx + Bsin kx
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EXAMPLE 3 Solve y” + y’ — 2y = sin x.

SOLUTION We try a particular solution

yp(x) = Acos x + Bsinx

Then y, = —Asinx + Bcos x y, = —Acosx — Bsinx

so substitution in the differential equation gives

(—Acosx — Bsinx) + (—Asinx + Bcos x) — 2(Acos x + Bsin x) = sin x

or (=3A + B)cosx + (—A — 3B)sin x = sin x

This is true if

-3A+B=0 and —A—-3B=1

The solution of this system is

so a particular solution is

_ 1 3
Yp(x) = —i5cosx — 75 sin x

In Example 1 we determined that the solution of the complementary equation is
y. = cie* + cye*. Thus, the general solution of the given equation is

y(x) = cie* + cre”

2 — (cos x + 3sin x) Em

If G(x) is a product of functions of the preceding types, then we take the trial solu-
tion to be a product of functions of the same type. For instance, in solving the differential

equation
v+ 2y" + 4y = xcos 3x

we would try

yp(x) = (Ax + B) cos 3x + (Cx + D) sin 3x

If G(x) is a sum of functions of these types, we use the easily verified principle of super-

position, which says that if y, and y,, are solutions of

ay” + by + cy = G(x) ay” + by + cy = Gy(x)

respectively, then y, + y,, is a solution of

ay" + by + cy = Gi(x) + Gy(x)

EXAMPLE 4 Solve y” — 4y = xe* + cos 2x.

SOLUTION The auxiliary equation is r> — 4 = 0 with roots *2, so the solution of the com-
plementary equation is y.(x) = c;e** + cze **. For the equation y" — 4y = xe* we try

yl’l('x) = (A)C + B)ex

Then y,, = (Ax + A + B)e*, y,, = (Ax + 2A + B)e", so substitution in the equation
gives

(Ax + 2A + B)e* — 4(Ax + B)e* = xe*
or (=3Ax + 2A — 3B)e* = xe*
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== |n Figure 3 we show the particular solution
Vo = Yo, T Vo, of the differential equation in

Example 4. The other solutions are given in

terms of f(x) = e** and g(x) = e >*.
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= = The graphs of four solutions of the differen-
tial equation in Example 5 are shown in Figure 4.
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Thus, —3A =1and2A — 3B =0,s0A = —%,B = —%, and
¥ (@) = (=52 = §)e’
For the equation y” — 4y = cos 2x, we try

Vp,(x) = Ccos 2x + Dsin 2x
Substitution gives

—4Ccos2x — 4D sin 2x — 4(Ccos 2x + D sin 2x) = cos 2x
or —8Ccos 2x — 8D sin 2x = cos 2x
Therefore, —8C = 1, —8D = 0, and

Vo, (X) = —31cos 2x
By the superposition principle, the general solution is

Y =Yet+ ypo + yp, = cre™ + c2e > — (3x + 2)e* — L cos 2x EE

Finally we note that the recommended trial solution y, sometimes turns out to be a solu-
tion of the complementary equation and therefore can’t be a solution of the nonhomoge-
neous equation. In such cases we multiply the recommended trial solution by x (or by x*
if necessary) so that no term in y,(x) is a solution of the complementary equation.

EXAMPLE 5 Solve y” + y = sin x.

SOLUTION The auxiliary equation is r* + 1 = 0 with roots *i, so the solution of the com-
plementary equation is

v(x) = c1cos x + ¢ysin x

Ordinarily, we would use the trial solution
vp(x) = Acos x + Bsin x
but we observe that it is a solution of the complementary equation, so instead we try

yp(x) = Axcos x + Bxsin x

Then yp(x) = Acos x — Axsin x + Bsinx + Bxcos x

yy(x) = —2Asin x — Axcos x + 2B cos x — Bxsin x
Substitution in the differential equation gives
vy + ¥y, = —2Asinx + 2B cos x = sin x
SO A = —%,B =0, and
yp(x) = —1xcos x
The general solution is

. 1
y(x) = ¢1cos x + ¢a8in x — 3xco8 X EE
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We summarize the method of undetermined coefficients as follows:

1. If G(x) = ¢"*P(x), where P is a polynomial of degree n, then try y,(x) = ¢**Q(x),
where Q(x) is an nth-degree polynomial (whose coefficients are determined by
substituting in the differential equation.)

2. If G(x) = e*P(x) cos mx or G(x) = ¢**P(x) sin mx, where P is an nth-degree
polynomial, then try

yy(x) = *0(x) cos mx + e~ R(x) sin mx

where Q and R are nth-degree polynomials.
Modification: If any term of y, is a solution of the complementary equation, multiply y,
by x (or by x? if necessary).
EXAMPLE 6 Determine the form of the trial solution for the differential equation
y" — 4y’ + 13y = e** cos 3x.

SOLUTION Here G(x) has the form of part 2 of the summary, where k = 2, m = 3, and
P(x) = 1. So, at first glance, the form of the trial solution would be

v,(x) = e*(A cos 3x + B sin 3x)

But the auxiliary equation is 7> — 4r + 13 = 0, with roots r = 2 =+ 3i, so the solution
of the complementary equation is

ye(x) = e*(c; cos 3x + ¢, sin 3x)

This means that we have to multiply the suggested trial solution by x. So, instead, we
use

y,(x) = xe**(A cos 3x + B sin 3x) EE

== The Method of Variation of Parameters

Suppose we have already solved the homogeneous equation ay” + by" + ¢y = 0 and writ-
ten the solution as

(4] y(x) = cini(x) + caya(x)

where y, and y, are linearly independent solutions. Let’s replace the constants (or parame-
ters) ¢; and ¢, in Equation 4 by arbitrary functions u;(x) and ux(x). We look for a particu-
lar solution of the nonhomogeneous equation ay” + by’" + cy = G(x) of the form

[5] Yo(x) = (%) yi1(x) + wa(x) ya(x)

(This method is called variation of parameters because we have varied the parameters c,
and ¢, to make them functions.) Differentiating Equation 5, we get

[6] yp = (uiyr + uzy,) + (uiyi + uzy3)

Since u; and u, are arbitrary functions, we can impose two conditions on them. One con-
dition is that y, is a solution of the differential equation; we can choose the other condition
so as to simplify our calculations. In view of the expression in Equation 6, let’s impose the
condition that

uiy, + uyy, =0
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== Figure 5 shows four solutions of the
differential equation in Example 7.
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Then Yo =uiyi + wys + wyl + oy
Substituting in the differential equation, we get
a(uiyi + wyys + iyt + upyy) + byl + wpys) + cluyy, + woy,) = G

or

ui(ay? + byt + cy1) + wlays + by, + cy,) + a(uiyi + usy;) = G
But y; and y, are solutions of the complementary equation, so

ay! + by; + ¢cy; =0 and ay; + by; + ¢y, =0

and Equation 8 simplifies to

[9] aluiyt + urys) =G

Equations 7 and 9 form a system of two equations in the unknown functions u{ and u}.
After solving this system we may be able to integrate to find u; and u, and then the par-
ticular solution is given by Equation 5.

EXAMPLE 7 Solve the equation y” + y = tan x, 0 < x < 77/2.

SOLUTION The auxiliary equation is > + 1 = 0 with roots *i, so the solution of
y" +y=0is ¢ sin x + ¢, cos x. Using variation of parameters, we seek a solution
of the form

yp(x) = ui(x) sin x + ua(x) cos x

Then vy = (ui sin x + w3 cos x) + (u; cos x — u sin x)
Set

uisin x + uscos x =0
Then Yy = U{COS X — upsin x — u; Sin X — U COS X

For y, to be a solution we must have

[11] Yy + ¥, = ujcos x — uzsin x = tan x

Solving Equations 10 and 11, we get
uj(sin®>x + cos’x) = cos x tan x
uj = sin x ui(x) = —cos x

(We seek a particular solution, so we don’t need a constant of integration here.) Then,
from Equation 10, we obtain

sinx sin’x  cos’x — 1
up = — = = COS X — SeC X
cos x cos x cos x

U = —

So uy(x) = sin x — In(sec x + tan x)
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(Note that sec x + tan x > 0 for 0 < x < 7/2.) Therefore

yp(x) =

and the general solution is

—cos x sin x + [sin x — In(sec x + tan x)] cos x

—cos x In(sec x + tan x)

y(x) = ¢;sin x + ¢;cos x — cos x In(sec x + tan x) EE

Exercises

[A] Click here for answers. [s] Click here for solutions.

1-10 m Solve the differential equation or initial-value problem
using the method of undetermined coefficients.

1.y + 3y +2y=x’ 2.y + 9y =¢*

3. y" — 2y =sindx 4. y"+ 6y +9y=1+x
5.y —4y +5y=¢" 6. y'+2y +y=xe"
7.y +y=e"+x% y(0)=2, y(0)=0

8.y —dy=-¢c*cosx, y(0O)=1, y(0)=2

9.y =y =xe’, y0)=2, y(0) =1

10. y" +y" —2y=x+sin2x, y(0)=1, »(0)=0

An-12m Graph the particular solution and several other solutions.
What characteristics do these solutions have in common?

1. 4y" + 5y + y=¢*
12. 2y" +3y' + y=1 + cos 2x

13-18 m Write a trial solution for the method of undetermined
coefficients. Do not determine the coefficients.

13. 3" + 9y = e* + x*sinx
14. y" + 9y' = xe " cos mx

15. v 4+ 9y =1 + xe*

16. v + 3y — 4y = (x* + x)e*
17. y" 4+ 2y" + 10y = x% *cos 3x
18. y" + 4y = e® + xsin 2x

19-22 m Solve the differential equation using (a) undetermined
coefficients and (b) variation of parameters.

19. y' + 4y =x
20. y" — 3y’ + 2y =sinx
21, y" — 2y +y=¢e*

29. y// _ yr = ¢"

23-28 m Solve the differential equation using the method of varia-
tion of parameters.

23 y"+y=secx, 0 <x< /2
2. y" +y=cotx, 0 <x< 7w/2

1

25. y" = 3y' + 2y = 17~

26. y" + 3y’ + 2y = sin(e”)

1
27. y' —y=—
X

—2x

28.)1"4-4)1'-1-4_)7:63
X
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Answers

[s] Click here for solutions.

lLy=ce*+ce™*+ %xz - %x + %

3. y=rc + e + 45 cos dx — 5 sin 4x
5.y =e*(cicosx + ¢sinx) + 15e

7. y=2cosx + Ysinx + s¢* + x> — 6x
9. y=¢(x>—x+2)

11. The solutions are all
asymptotic to y, = ¢*/10 as
x — . Except for y,,

all solutions approach
either « or —o as x — —o,

13. y, = Ae* + (Bx* + Cx + D) cosx + (Ex* + Fx + G) sinx
15. y, = Ax + (Bx + C)e™

17. y, = xe*[(Ax* + Bx 4+ C) cos 3x + (Dx* + Ex + F) sin 3x]
19. y = ¢ cos 2x + ¢, sin 2x + +x

21. y = cie* + crxe” + e**

23. y = (c; + x)sinx + (c; + In cos x) cos x

25. y=[ci+In(1 +e*)]e*+[c;—e*+1In(l + e ¥)]e*

27. y=[cr — 5 [ (e¥/x) dxle™ + [c2 + 5 [ (e7/x) di]e”



NONHOMOGENEOUS LINEAR EQUATIONS m 9

Solutions: Nonhomogeneous Linear Equations

1. The auxiliary equation is 72 + 37 + 2 = ( + 2)(r 4 1) = 0, so the complementary solution is
Ye(z) = c1e7>" + coe”®. We try the particular solution y,(z) = Az® + Bz + C, so y,, = 2Az + B and
Yy = 2A. Substituting into the differential equation, we have (24) + 3(24z + B) + 2(Az® + Bz + C) = z2° or
2Ax? + (6A + 2B)z + (24 + 3B + 2C) = z*. Comparing coefficients gives 24 = 1, 64 + 2B = 0, and
2A+43B+2C =0,50 A= %, B=—2,and C = . Thus the general solution is
Y(@) = yel@) + yp(@) = e + cae ™ + 1a? — Bz + 1.

3. The auxiliary equation is 7> — 2r = 7(r — 2) = 0, so the complementary solution is y.(z) = ¢1 + c2e*®. Try the
particular solution y,(z) = Acosdz + Bsindz, so y, = —4Asin4x + 4B cos 4z
and y, = —16A cos4z — 16B sin 4z. Substitution into the differential equation
gives (—16 A cos4x — 16 Bsindx) — 2(—4Asindx + 4B cos4x) = sindex =
(—16A — 8B) cos4x + (8A — 16B) sin4z = sin4x. Then —16A — 8B =0and8A —16B=1 = A=+

and B = — 5. Thus the general solution is y(z) = yc(z) + yp(x) = c1 + 26> + 45 cos 4z — 5 sin 4z
5. The auxiliary equation is 72 — 4r + 5 = 0 with roots r = 2 % 4, so the complementary solution is
Ye(z) = €**(crcosx + casinz). Try yp (z) = Ae ", s0y), = —Ae " and y, = Ae™". Substitution gives

Ae " —4(—Ae” ") +5(Ae ") =€ = 10Ae " =e ® = A= 15. Thus the general solution is

y(z) = e**(c1cosw + casinz) + e .

7. The auxiliary equation is 7% + 1 = 0 with roots 7 = =4, so the complementary solution is
ye(®) = c1 cosz + casinz. Fory' +y = e” try yp, () = Ae”. Theny,, = y,, = Ae” and substitution gives
Ae” 4+ Ae® =e® = A=1s0yp (z)=1e" Fory’ +y=2"try yp,(z) = Az® + Ba® + Cz + D.
Then y,,, = 3Az> + 2Bz + C and y,,, = 6Az + 2B. Substituting, we have
6Az + 2B+ Az’ + B> + Cz+ D =250 A=1,B=0,6A+C=0 = C=—6,and2B+ D =0
= D = 0. Thus yp, (z) = 2* — 6z and the general solution is
Y() = ye(@) + Yp, () + Ypo (x) = c1cO8T + cosinz + 2e” +2° —62. But2=y(0) =c1+% = c1 =2
and 0 = y'(0) = c2 + % -6 = c2= % Thus the solution to the initial-value problem is
y(z) = Scosz + Lsinz + e* + 2° — 62

9. The auxiliary equation is 72 — r = 0 with roots r = 0, 7 = 1 so the complementary solution is y.(z) = ¢1 + c2€”.
Try yp(z) = z(Az + B)e” so that no term in y,, is a solution of the complementary equation. Then
yp = (Az® + (2A + B)z + B)e” and y,) = (Az® + (44 + B)z + (24 + 2B))e”. Substitution into the
differential equation gives (A2 + (44 + B)x + (24 + 2B))e” — (Az® + (2A + B)x + B)e® = ze® =
(2Az + (2A+ B))e* =ze”® = A=1 B=—1 Thusy,(z) = (32° — z)e” and the general solution is
y(x) =c1 4 c2e® + (22 —z)e”. But2 =y(0) = c1 + coand 1 = 3/(0) = c2 — 1,50 c; = 2 and ¢c1 = 0. The

solution to the initial-value problem is y(z) = 2e” + (32° — z)e” = e”(22® — 2 + 2).
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M. y.(z) = cre”®* + coe™®. Try y,(z) = Ae®. Then

104e” = e, 50 A = 1—10 and the general solution is

y(x) = cre™®/* e + 15€”. The solutions are all composed

of exponential curves and with the exception of the particular

solution (which approaches 0 as x — —o0), they all approach

either co or —oo as x — —o0. As x — 00, all solutions are

T

asymptotic to y, = 1—106 .

13. Here y.(x) = ¢1 cos 3z + c2sin 3z. For i/ + 9y = €>® try yp, (z) = Ae?® and for y”’ + 9y = 2% sin z try
Ups (2) = (Bz® + Cx + D) cosx + (Ex* + Fx + G) sinz. Thus a trial solution is
Up(T) = Yp, () + ypy () = Ae®*® + (Bx® + Cx + D) cosz + (Ex? + Fx + G)sin x.

15. Here yo(x) = ¢1 4 cae %%, Fory” 4+ 9y’ = 1 try y,, (z) = Az (since y = A is a solution to the complementary

equation) and for i + 9y’ = ze® try y,, (z) = (Bz + C)e®.

17. Since y.(x) = e~ *(c1 cos 3z + c2 sin 3z) we try
yp(x) = x(Ax® + Bz + C)e % cos 3z + z(Dx? + Ex + F)e™® sin 3 (so that no term of y, is a solution of the

complementary equation).

Note: Solving Equations (7) and (9) in The Method of Variation of Parameters gives

G G
Y2 and  uh = LE

!
w = ——s - g
T a(yvh — v2v)) a (y1yh — y21)

We will use these equations rather than resolving the system in each of the remaining exercises in this section.

19. (a) The complementary solution is y.(z) = ¢1 cos 2z + c2 sin 2z. A particular solution is of the form
yp(z) = Az + B. Thus, 44z + 4B =2 = A=1and B=0 = y,(z)= s. Thus, the general
solution is y = y. + yp = ¢1 cos 2x + cp sin 2z + %x.

(b) In (a), ye(z) = c1 cos 2z + c2sin 2z, so set y1 = cos 2z, y2 = sin 2z. Then

Y1ys — y2yi = 2cos” 2z + 2sin® 2z = 2souy = —jasin2z =

ui(z) = —% [wsin2zde = —% (—z cos2z + § sin2z) [by parts] and uy = x cos 2z
= up(x) = 3 [wcos2xdr = }(zsin2z + 5 cos2z) [by parts]. Hence

yp(x) = —% (—x cos 2z + % sin Qx) cos 2z + %(m sin 2z + % cos 23:) sin 2z = %x. Thus
y(x) = ye(x) + yp(x) = c1cos 2z + ¢ sin 2z + 1.

2. a)r> —r=r(r—1)=0 = 7 =0, 1, so the complementary solution is y.(z) = c1e” + coxe®. A particular
solution is of the form y,,(z) = Ae®®. Thus 44e®™ — 44> + Ae®® = = A =e* = A=1
= y,(x) = . So a general solution is y(z) = ye(z) + yp(z) = c1€® + caze™ + 2.

2z — e2z

(b) From (a), y.(z) = c1e” + caxe®, so set y1 = €, y2 = xe®. Then, y1y5 — y2yi = 2*(1 + ) — xe
andsou) = —ze® = w1 (z) =— [ze®dr = —(z — 1)e® [by parts] and uy =e® =
uz(z) = [ €® dr = €. Hence y, (z) = (1 — x)e*” + ze** = €® and the general solution is

y(x) = yo(x) + yp(x) = c1€” + caze® + e2°.
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23. As in Example 6, y.(x) = c1sinz + c2 cosz, so set y1 = sinx, y2 = cosz. Then

. Sec x cos T
y1yh — Yoy = —sin?z —cos?z = —1,souf = = 1 = wui(z)=zand
sec x sinx
uhy = —— = —tanz = wug(z) = — [tanzdz = In|cosz| =In(cosz) on 0 < x < Z. Hence

yp(z) = zsinzx + cos z In(cos z) and the general solution is y(z) = (c1 + ) sinz + [c2 + In(cos z)] cos .

2z —x
—e e
25. y; = e”, y2 = €** and Y1y — y2uh = €**. Souj = (te e 1tes and
e ” a e’ e”
’LL1(1') = /_1+ e~ de = 1n(1 +e ) ul2 = (1 + 6—1)631‘ = e3z +e2l‘ so

e3z + e2z
yp(z) = e"In(1 + e7%) + **[In(1 + e™%) — e~ *] and the general solution is
y(x) = [c1 +In(1 4+ e7®)]e” + [ca — e +1In(1 + e~ %)])e?®.

x * 1 —x —x —x
uz(m):/eidmzln(e;— )—e =1In(l+e *) —e “. Hence

21. Y1 = e*x, Y2 = e® and y1y/2 — y2y'1 = 2. So u’l — _;_,
X

xT —x
yp(z) = —e7F / ;— dr + €* / 62 dz. Hence the general solution is
x x

e’ ,z e ? -
y(z) = (cl—/%dm>e + <C2+/ 5 dm)e .






