Time dependent harmonic oscillator

Consider the following time dependent Hamiltonian:
H = ﬁ + 17mu2(x —d(t))? = ﬁ + 1mcu2:172 — mw?xd(t) + 1mdeQ(t) :
2m 2 2m 2 2
The Hamiltonian can be rewritten using the usual ladder operators:

H—hw(a*a+%>—m<j_;_’;)o(a+a+)+%%(g))

In interaction picture the time dependent Schrodinger equation can be written as:

ihOn(t) = —hw ( \C/léio (4 4 o) %di(gﬂ) o)

The solution is supposed to have the following form:
Y(t) = ei(a(t)*a++a(t)a+/3(t))w(0)

Using the Baker-Campbell-Hausdorff relation the exponential operator can be rewritten into a
more appropriate form:

al? . " .
w(t) — 6*%+lﬁ€la a"’ezaaw(o)

Calculate the partial derivative of the wavefunction with respect of the time:
—E—H’B 1 .k * - - A\ ja*at ioa < x4+ ja*at iaa ia*at ; - o
O =e 2 (5(04 a+a*a) +ip)e e +id*a"e e +e idae ¥(0)

We should reverse the order of the ladder and the exponential operators in the last term:
ia*a

tooo . atat . darat ;
e Zaaezaazzaaezaa ezaa_i_,la[elaa ,a]ezaa

In order to evaluate the commutaion rule in the above expression we use the relation:
—1
[at",a] = —na™" .

o0 . oo . [e.@] . —1
[eio‘*‘ﬁ, al = Z (Z&:)n [a*" a] = — Z —(wf;)nncf“n_l = —ia” Z —(za*)” 'a+n_1 = —jate
nro TV nro n+0 (n—1)!
consequently ' ' ‘ .
" iqae’ = (ida — ica*)e® e i

Now one can obtain the partial derivatives of the wavefunction in the following form:

1 . al? . ;o :
O = (§(a*a —a’d) +if +idta’ + ida) ()
1, .. T
— §(aa—aa)+z5—l—wza +ida | ()

The time dependent Schrodinger equation reads as:

h <i%(d*a —a*aq) — f—dfat — m) Y(t) = —hw <jé20 (ae™™! + aTet) — %di(g)) W(t)
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The a and [ functions can be easily obtained by integration:

alt) = \/%’IO /0 t dt)e ™' dt | B(t) = /0 t (%(d*a— ad) — gdzo )) dt’

Polarization:

In the following example the d(t) shift of the harmonic oscillator depends on the time as:

d(t) = doe" cos(wot) if ¢t <0
| dg cos(wot) if t>0

dw 1 0 , . , t, N
Oé*(t) _ \/51:05 \/_oo (e(’y—i-zwo)t + e('y—zwo)t) et dt _|_/0 (ezwot + e~ iwot ) et at!

Evaluete the first integral:

1 [° 1 1 1
_/ (e(’eri(erwo)t + 6('y+i(w7wo)t) dt = = +
2 ) 2\ y+i(w+wy) v+i(w—wp)

In case of adiabatic turning on of the time dependent potential we should take the v — 0 limit:

0 ,
liml (€(7+i(w+wo)t _i_e(wi(wwo)t) di — 22w

2
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The second integral:

1 /t <6i(w0+w)t, N 6(w,iw0)t/> g = in N eiwt—iw cos(wot) 4 wo sin(wyt)
0 w

2 5 — w? w? —wd

dow ;. —iw cos(wot) + wp sin(wot)
\/iﬂfo w? — W(Q)

Suppose that at the beginning the harmonic oscillator is at ground state:

a*(t) =

2
ﬁ _ lol ia*at

P(t) = eile®)a Faats(r) lof? +i8 yia*at iaa 1 0.

Yo =¢€ po = €'

The time dependent solution of the Schrodinger equation in interaction picture is a coherent state!:

_ i,BfM ia*at __ _iB
P(t) =" 2 o = eP|ia*) .

First find the expectation value of the position operator:

W()|z|Y(t)) = (ia* |7ae—zwt+a+em|m*> _ %

(e—zwtia* . iezwta)

dow ((wcos(wot) + iwg sin(wpet)  —w cos(wot) + iwp sin(wot)
(ol0afote)) - 2 (Lenl) 2 lopshient) _ Zwoconln) 1 psinlent))
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1Coherent state of a harmonic oscillator:

The coherent state of a harmonic oscillator is an eigen state of the lowering operator:
aler) = ala)

where o € C, since a is a non-hermitian operator. Consider the following wavefunction:

oca*

o) -

la) = e2lofe

aa+]

o) -

Obviously a|pg) = 0 and the commutator has been determined already in the previous section:

ala) = e 219 qe2 o) = 72142 ) + e 21 (g, e

+ + . .
[a,e® | = ae™ . We got an eigen value equation:

aa+ Ol(lJr

ala) = ae” 2 e |go) = ae= e [iy)
We should also check the norm of the state: (ala) = e (ggle® %€ |py). Use the Baker -

Campbell - Hausdorff expansion:

eoa*aeoaa+ _ ea*a+aa++%\a|2[a,aﬂ _ 6a*a+aa++%|a|2 : eoafrea*a _ ea*a—&-aa*—f—%\ap[a*,a] _ ea*a+aa+—%|a\2

it is straightforward to see, that

ea*aeacﬁr _ €\O¢|2eaa+eo¢*a
Use this relation in the expression of the norm and keep in mind that (pole®® = (o] and

e o) = |o):

—|a? o*a oat
(afa) = e {pole® e |pg) = (wolpo) = 1



