
 1 

Kvantummechanika 

 

1. 

υυ
π

υυ d
c

Tkdw B

2

3
2=  

3. 

∫∫
∞

∞−

∞

∞−

== '')()',('|)'(|

)'(

22
dxxxxxxdxxax

xP

44 344 21
ϕχ

ϕ
 

4. 

Ψ><=ΨΨ A
dt

d
AH

i
]ˆ,ˆ[

h
   ψ

xm

i
x

dt

d

∂

∂
−Ψ=>< Ψ

2

2
h

h
 

ΨΨ >−=<><
dx

dV
p

dt

d
x

ˆ  

6. 

p
i

xap
i

xa
m

p
aa

i
paax ˆˆ

2

1
ˆ,ˆˆ

2

1
ˆ

2
,)ˆˆ(

2
),ˆˆ(ˆ σ

σ
σ

σω
σ

σ
σ

hh

h
−=+==−=+= +++  

aaN ˆˆˆ +=  

yx LiLL ˆˆˆ ±=±   )ˆ(ˆ)ˆ(ˆˆˆ hh ±±±=± yyzxz LLiLLLL  zz LLLLL ˆˆˆˆˆ 22
hm ±−=±  

22

||
||

rm

eL
I

π

−
=   )1(

2
ˆ += ll

m

e
L

h
µ  

7. 

ϕϑϕϑ ,2,,

1
∆+∆=∆

r
rr  

2

2

22,

22 1

sin

1ˆ
ϕϑϑ

ϑ
ϑϑ

ϕϑ
∂

∂
+








∂

∂

∂

∂
→∆−=

m
mL h  

43421
"'2

2

2

2

1

RrrR

r
dr

dR
r

dr

d

r
R

+









=∆   [ ] ERRrVR

m
effr =+∆− )(

2

h
 

r

e

mr

L
Veff

1

42 0

2

2

2

πε
−=  

 

8. 










−
=








=







 −
==×

1

0

0

1

0

1

1

0

0

0
ˆˆˆ

zxy

i

i
siss σσσh  

9. 

....2

2

1 +++= kknk ϕλϕλψϕ   ...2

2

1 +++= kkkk E ελλεε  



 2 

nknknk EHH ψεϕψϕ 1110 'ˆˆ +=+  kkk H 1'ˆ εψψ =  

lk
lk

kl

kl
EE

H
a

≠






−
=

ψψ 'ˆ
    kϕ = l

lk lk

kl

k
EE

H
ψ

ψψ
ψ ∑

≠ −
+

'ˆ
 

 

zL
m

eB
HH ˆ

2
ˆˆ

0 +=   ( )
nn

mn

lLn

L

mE Ψ=Ψ+ εω

ωε
4434421

h

),,(

 

∑
≠ −

′
++=

lk lk

lk

kkkk
EE

H
HE

2
ˆ

'ˆ
ψψ

ψψε  



















=

















+ ∑∑
==

= 44 344 21
44344214434421

'

''

1

'

1
'ˆ

'0' 'ˆˆ

kl

llllk

c

d

l

klklklk

d

l
H

klklkl

E

klklkl cHcHc ψψεψψψψ

δ

 

10. 

0ˆ =Ψ








′−
−

∑
t

E
i

k

k

kk

k

eHaa
i

h&
h

 0)exp( =′+∑ tiaHa
i

lk

k

klkl ω&
h

 

∑∫
∞

−=−
k

t

klklkll dttitHta
i

ata
0

")"exp()"(')"()0()( ω
h

 

{ } ∑∫
∞

−=→=
k

t

klklllll dttitHa
i

taaa
0

)0()1()0( ")"exp()"(')()0( ω
h

 

444 3444 21h
Fourier

t
ti

kvkvv dtetH
i

a kv∫−=
0

")0( ")"('
ωδ  )('

~2)1(

vkkv
kv

v Hia ω
π

h
−=

≠
  

22

02

2

)('
4

)( kvkvvk WHEEP ω
π

ΨΨ=→
h

 










−

−
−

+

−
==

−−

∫
0

)(

0

)(
"

0
0

00 11

4

1
")"sin(

2

1
)(

~

ωωωωπ
ω

π
ω

ωωωω
ω

titi
ti

T ee
dtetW  

2

0

0

2

2

2
sin

4

1
)(

~

















±

±

=
ωω

ωω

π
ω

T

W  

12. 

)12()2()1()12()12()2()1()12()12( 0

)2(

)2(

)1(

)1(

2

1

0

0
2

0
1

0
2

0
1

SZASZBASZA χββφααφ →Ψ=Ψ=










Ψ

Ψ

Ψ

Ψ

43421
 



 3 













Ψ

Ψ

Ψ

Ψ
=













Ψ

Ψ

Ψ

Ψ
=

)2()2(

)2()2(

)1()1(

)1()1(

2

1

)2()2(

)2()2(

)1()1(

)1()1(

2

1
0

2

0

1

0

2

0

1

'0

2

0

1

0

2

0

1

'
α

β

α

β
φ

β

α

β

α
φ DC  

( )

4444 84444 76
48476

)12(

0

'' )1()2()2()1(
2

2
)12(...)(

2

1

SZ

ASZ

ASZDCC

χ

βαβαφφφ +Ψ==+=  

( )
44 344 21

)12(

0

2

0

1

0

2

0

1''
)2(

)2(

)1(

)1(

2

1
)1()2()2()1(

2

1
...)(

2

1

ASZ

DCD

χ

β

α

β

α
φφφ 








ΨΨ+ΨΨ==−=  

2

120

0

2

0

1

0

2

0

1
21

4

)2()2()1()1(
e

r
dVdVEx

πε

ΨΨΨΨ
=

∗∗

∫∫  

)2()2()2(
1

4

2

2
)1()1()1(

1

4

2

2
2221

20

2

2

2

1112

10

2

1

2

Ψ=Ψ







+−∆−Ψ=Ψ








+−∆− EU

r

e

m
EU

r

e

m πεπε

hh
 

120

212

2

212

120

2

2

22

2

22
4

)1()2()2(
)1()1(

4

)2(
)1()2(

r

e
dVU

r

e
dVUe xcc

πεπε
ϕρ

ΨΨΨ
−=Ψ

Ψ
=−=

∗

∫∫  

14. 

 

( ) )(
2

ΨΨ∇−Ψ∇Ψ=
∗∗

mi
j

h
 

2

1

2

Ψ

Ψ
=G

T    









−−−=≈= −−

⋅−

⋅−

)(
2

2exp 10

)(2

2

1

1
xxEV

m
e

Ae

Ae
T L

xx

x

x
G L

L

h

α

α

α

 














−

−
+

=

)(
2

)(4
1

1

02

2
2

0

2

0 EV
mL

sh
EVE

V
T

h

 

V

e
fer

ik
ikz )()( ϑ+=Ψ   

2

2||

r

f

m

k
J

h
=   2|)(| ϑσϑ f

m

kh
=  brL ϑ=  

 

 

 

 

 

 

 

 



 4 

Statisztikus fizika 

 

1.  

d
2/d

d r
)12/d(

)r(V
+Γ

π
=    

2.   












∆

−
−

2

11
1

2

E
~

E
exp~)E(f  

21

2

2

2

2

2

1

1

2

2 N

b

N

a

E

"S"

E

"S"1
+≈









∂

∂
+

∂

∂
−=

∆
 

3. 

""

1
ln

TN

Nk

o

B =
+

−

ε
  




















+=Ω

3/2

2

1
2

3

2
ln

2

3

2

5
ln

N

V

h
m

N

ENN
o π  

4.   

( ) )(
1

),(
)('ln

)('ln),(ln 2

2
NO

N
OpqE

E

E
Econstpq

RE

R

R









+−









∂

Ω∂
+Ω+=ρ  

 π=∫
∞

∞−

−
dxe

x
2

 
ωh

Tk
Z B=1  

)
2

)
~

(
exp()(

2

2

VB CTk

EE
constEP

−
−⋅=  

5. 

( ) )(
)('ln

),(
)('ln

ln
,,

N
N

E
pqE

E

E
konst

NRER

N
N

NRER

N
N −

∂

Ω∂
+−

∂

Ω∂
+=ρ  

!

1
23

3 N
Tmk

h

V
Z

N

BNid 







= π    









= Tmk
h

V
eTk BBidgáz πφ βµ 2

3
 

6. 

>∆<=∫
23 )(

1
)( x

V
rdrC

V

XX    ∑
=

>−<=
N

j

j rRrn
1

)()( δ  

)'(2
rrgnCnn −=     TBTkVnN κ22)( >=∆<   

[ ]
n

Tkrgrd BT

1
1)(3 −=−∫ κ    

444 3444 21
Fourier

rki
rgrednkF ∫ −+= )1)((1)( 3  

)()()()( kFknknkn =−>−< δ   >−<= )(exp()()( 0 ij RRkiϑσϑσ  

NkF )()()( 0 ϑσϑσ =     ℑ=− χ0xxF  



 5 

( )
0

2

0

x
x

∆=
∂ℑ

∂
=

=ℑ

βχ    )0( == kVCxxβχ  

7. 






















−








⋅=

612

4)(
rr

rU
σσ

ε   
VT

H

dT

dp

∆

∆
=   

b

a
Tkn

b

a
p cbcc

27

8

36

1

17 2
===  

3

8
=

c

cBc

p

Tkn
 ( ) *

*

2** 81
3

3 T
n

np =







−+  

8. 

><=>=< σµβσ NMhth )(   ))(1()( 22 hthNBT ββµχ +=  

∑∑ −−=
>< i

i

ji

ij hJH σσσ
,

   









+= ∑∑∑

>< i

i

ij

ji hJZ
i

σβσσ
σ }{

exp  

∑ ∑ 









+−=

+=i nnij

ji

J
hH σσ

2
   Z

J
Tk CB

2
=  

TT h
N

B

M









∂

><∂
=









∂

∂
=

σ
µχ 2    3⋅

−
>=<

C

C

T

TT
σ   

CB

T
TTk

N

−
=

12µ
χ  

9. 

hoBooTTAff C −+−+= 42

0 )(   oTT
B

A
C =− )(

2
  

)(2 CTTA

h
o

−
=  

>∆<== ∫
23

00 )()( o
N

rdrC
hn

ββχ
 

10. 

1−=








∂

∂









∂

∂









∂

∂

STB T

B

B

S

S

T
    

{ }
∑
∑

∑
=

=

−

m

m

m

m

mm

Nn

n

n

N eZ
εβ

  Z

( )∏∑ ∏
∞

= =

∞

=

−− ==
0 0 0

max

m

n

n m

me
µεβ

Zm  

∫∑= pd
h

V
g

m

3

3
 εερπ ddpp

h

V
g )(4 2

3
=  

E
h

m
Vg

E
m

h

V
g

2/3

2

2/3

3

2
2

2
)2(4)( 








== ππερ  

∫
∞

=
0

2

3 3

2
)(24

3

2
Edpnp

h

V
g επ  



 6 

11. 

1ZTeknTk B

m

mBklassz

µβφ −≈±≅ ∑   2/3

31 )2( Tmk
h

V
gZ Bπ=  

Tk

h

Bπ
λ

2
=+      

3/1









=

N

V
R  

( )βµβεβµβεε eeeen mm −−= m1)(    kle
h

Tkm
gVN B βµπ

2/3

2

2








≈  

( )βµβµβµβµ λ
eee

Rg
e klkl T 2/3

3

21
1 −≈→








= m  

)
1

21(
2

3
)21()(

4

3
)2(2

3

2/52/52/52/3

3 







±==→= −−

Rg
Tksorfejtés

N

E
eeTkm

h

V
gE T

BB

λ
ππ βµβµ m  






















±=

− 32/52
1

Rg
Tk

V

N
p T

B

λ
 

3

3
|| 3

4
1 F

pp

p
h

V
gN

F

π
== ∑

∈

  E 2/52/3

3 5

2
)2(2 Tm

h

V
g επ=  

2/32/3

3 3

2
)2(2 Tm

h

V
gN επ=   ∫

∞

− +
=

0 )( 1
)( ε

ε
µεβ

d
e

yI
y






















+

+
≈

+ 2

2

1

)(1
1 µ

µ Tk
yA

y

B

y

 

( )





















=+==>

2

2

2/3

0 2/11
3

2
)(

µ
µ

Tk
yAcycIN B

T  























+=






















++=

22

2/3 1
2

3
1

F

F
B

T

T
k

Tk
k

N

E
ε

µ
µ  








=









∂

∂
=

F

B

VN

v
T

T
constNk

T

E
C

,

 

12. 

2/3

0

0

2/3

0

0 1)()()0( 







−=








==>

T

T

N

N

T

T
TNTNN CCε  

( ) η
η

υυ
η

d
e

Tkállnd B
1

.)(
3

4

−
=⋅  

( ) VTkálldnNN B

3

0
.)()(∫

∞

== εεε  

4

3

4
...

3

1
T

cV

E
p

σ
===     3.VTáll

T

E
C

V

=








∂

∂
=  

13. 



 7 

∫
−∞→

−=∆
t

t

BA

o

dtFttB ττϕ )()()(ˆ   )()(~
ˆ

tet
tH

i
o

ψψ h=  









−








= tH

i
AtH

i
tA 00

ˆexpˆˆexp)(ˆ
hh

  )(~)(ˆ)()(~ ttAtF
i

t
t

ψψ
h

=
∂

∂
 

[ ]

...')'(~)(ˆ)'(ˆ~')'(~)'(ˆ)(ˆ~~ˆ~

)(~)(ˆ)(~

')'(~)'(ˆ),(ˆ~

+−+

≈

∫

∫∫
44444444444 344444444444 21

hh

h

t

ot
kk

oo

dttFtAtB
i

t

t

kk

t

t

kkkk dttFtBtA
i

dttFtAtB
i

B

ttBt

ψψ

ψψψψψψ

ψψ

 

[ ]∫=−=∆
∞→

t

t
kk

átlagstatfiz

kk

o

dttFtAtB
i

BtBttB ')'(~)'(ˆ),(ˆ~ˆ)(ˆ)()(

.

ψψψψψψ
h43421

 

[ ]
o

BA AtB
i

t )0(ˆ),(ˆ)(
h

=ϕ  

ttieFtF εω
ωεω +−

+→= 0lim)|(    

∫ −=∆
∞−

−−−+−
+→

t
tttti

BA

tti
dtetteFtB ')'(lim)|(

)'()'(

0

εωεω
ωε ϕω  

∫=
∞

−
+→

0
0 )(lim dtet

tti

BABA

εω
ε ϕχ  

∑
−

−=
mn

EEt
i

mnnm

E

o

mn
n eABe

Z
AtB

)(1
)0(ˆ)(ˆ hβ

  ∑
−

−=
mn

EEt
i

mnnm

E

o

mn
m eABe

Z
tBA

)(1
)(ˆ)0(ˆ hβ

 

))((
)(

1

)(

1
lim 0 ωωδ

ωεω
ε fi

f
P

if
−







=

+
+→

 








 −
+

−
+=

















−
+

−
−=

∑

∑

−−

−−

hh

h

h

mn
mnnm

mn

EE

BA

mn
mnnm

mn

EE

BA

EE
AB

Z

ee

EE
PAB

Z

ee

mn

mn

ωδ
π

ωχ

ω
ωχ

ββ

ββ

)(

11
)(

''

'

 

o
BA tBAAtBtC )(ˆ)0(ˆ)0(ˆ)(ˆ

2

1
)( +=   ∑ 







 −
+

+
=

−

mn

mn

mnnmAB

EE
AB

Z

e
S

h

h

ωδπ
ωβ1

 

321
43421

h
h

321
)(

2
)(

" ωχ
ω

ω BA

B

BA
Tk

cthS ⋅=   "2

2

1
AAFE ωχω=&  



 8 

14. 

rdtrtrPtrntrn oo

3),'|,(),'(),(
43421∫=  

)(4/)'(

2/3

2

))(4(

1
),'|,( ottDrr

o

o e
ttD

trtrP
−−−

−
=

π
  

2)'( rr −  )(6 0ttD −=    
{

)()()( ttVtV ηγ +−=
321

&  

)'(')( )'()(
tedtVetV tt

t

t

o

tt

o

o ηγγ −−−−

∫+=   )(:)()( 212 ttAtt t −= δηη  

AIVetVtV o

ttt o += −+− 2)2'(
)'()(

γ
  ∫ ∫ τ−τδτ= τ−γ−τ−γ−

t

t

)''t()t(

t

to o

)'(ee'dtdI  

[ ])2'('

2

1
ottttt

eeI
−+−−−

−= γγ

γ
  

'ttB e
M

Tk
)'t,t(

−γ−
=ψ  

[ ] [ ]oo

o

o ttt

2o

t

t

t

1 eee
1

)tt(
1

eeed
1

S
γ−γ−γγγτγτ− −

γ
+−

γ
=−⋅τ

γ
= ∫  

( ) ( ) ( )( )







−

γ
−−

γ
=∆ −γ− ott

o
B2

e1
1

tt
M

Tk
2x  

a6M πυ=γ  

 

( ) 22

0

4

0
42 hπε

me
E =  

>−=< ∑∑
i

iji

j

B

ijB rrrF )(
2

1
φ  




















+=




















+=

2/32/3

3

4
ln

2

3
'

3

4
ln

2

5

N

mEV
NkS

N

mE

N

V
NkS

π

σ

π

σ
 

( )+−

=
NNk

T
B /ln

12 0ε
  

Tk
th

dT

d
NC

Tk
thNE

BB

0

0

0

0

ε
ε

ε
ε −=−=  

∗∗

∗

∗ =







−








+=== TV

V
p

b

a
RT

b

a
pbNV ccc 8

3

13

27

8

27
3

22
 

( ) ( )
ωτ

τ

ωτ

τ
ϕϕωωχωεωωσ

im

Ne

i
tkttidti jpjpjpr

−
=

−
=−=−−= ∫

∞

1

1

1
)(exp)(1)()(

2

0
 


