35-4 Reflection and Transmission of
Electron Waves: Barrier Penetration

In Sections 35-2 and 35-3, we were concerned with bound-state problems in
which the potential energy is larger than the total energy for large values of |x|.
In this section, we consider some simple examples of unbound states for which
E is greater than U(x). For these problems, d%//dx? and ¢ have opposite signs, so
i(x) curves toward the axis and does not become infinite at large values of |x|.

Step Potential

Consider a particle of energy E moving in a region in which the potential energy
is the step function

U(x) =0, x<0
U(x) =U, x>0

as shown in Figure 35-9. We are interested in what happens when a particle
moving from left to right encounters the step.

The classical answer is simple. To the left of the step, the particle moves with
aspeed v = V2E/m. At x = 0, an impulsive force acts on the particle. If the
initial energy E is less than U, the particle will be turned around and will then
move to the left at its original speed; that is, the particle will be reflected by the
step. If E is greater than U, the particle will continue to move to the right but
with reduced speed given by v = V2(E — U;)/m. We can picture this classical
problem as a ball rolling along a level surface and coming to a steep hill of
height i given by mgh = U, If the initial kinetic energy of the ball is less than

U(x)
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FIGURE 35-9 Step potential. A
classical particle incident from the left,
with total energy E > U, is always
transmitted. The change in potential
energy at x = 0 merely provides an
impulsive force that reduces the speed
of the particle. A wave incident from the
left is partially transmitted and partially
reflected because the wavelength
changes abruptly atx = 0.

t Each higher-energy state has one additional node
in the wave function.
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mgh, the ball will roll part way up the hill and then back down and to the left
along the lower surface at its original speed. If E is greater than mgh, the ball will
roll up the hill and proceed to the right at a lesser speed.

The quantum-mechanical result is similar when E is less than Uj. Figure 35-10
shows the wave function for the case E < U,. The wave function does not go to
zero at x = 0 but rather decays exponentially, like the wave function for the
bound state in a finite square-well problem. The wave penetrates slightly into the
classically forbidden region x > 0, but it is eventually completely reflected. This
problem is somewhat similar to that of total internal reflection in optics.

For E > U, the quantum-mechanical result differs markedly from the classical
result. At x = 0, the wavelength changes abruptly from A, = I/p, = h/\/2mE to
Ay = h/p, = h/N2m(E — U,). We know from our study of waves that when the
wavelength changes suddenly, part of the wave is reflected and part of the wave
is transmitted. Since the motion of an electron (or other particle) is governed by a
wave equation, the electron sometimes will be transmitted and sometimes will
be reflected. The probabilities of reflection and transmission can be calculated by
solving the Schroédinger equation in each region of space and comparing the
amplitudes of the transmitted waves and reflected waves with that of the
incident wave. This calculation and its result are similar to finding the fraction of
light reflected from an air-glass interface. If R is the probability of reflection,
called the reflection coefficient, this calculation gives

(kl - kz)z
R = W 35-27

where k; is the wave number for the incident wave and k, is the wave number for
the transmitted wave. This result is the same as the result in optics for the reflec-
tion of light at normal incidence from the boundary between two media having
different indexes of refraction n (Equation 31-11). The probability of transmis-
sion T, called the transmission coefficient, can be calculated from the reflection
coefficient, since the probability of transmission plus the probability of reflection
must equal 1:

T+R=1 35-28
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FIGURE 35-10 When the total
energy E is less than U, the wave
function penetrates slightly into the
region x > 0. However, the probability of
reflection for this case is 1, so no energy
is transmitted.





