35=-3 The Harmonic Oscillator

The poten.tial energy for a particle of mass m attached to a spring of force U) %ma)éx
constant k is
U(x) = zkx? = jmwlx? 35-19
E

where wy = Vk/m is thenatural frequency of the oscillator. Classically, the object
oscillates between x = +A and x = —A. The object’s total energy is E = smw}A?,
which can have any positive value or zero. -A +A X
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For the harmonic oscillator potential energy function, the Schrédinger equa-
tion is
2 dy(x)

= 4 L o?x2U(x) = E 35-22
o gz T amegx () = Eylx)

Wave Functions and Energy Levels

Rather than pursue a general solution to the Schrédinger equation for this system,
we simply present the solution for the ground state and the first excited state.

The ground-state wave function y(x) is found to be a Gaussian function
centered at the origin:

Po(x) = A 35-23

where A, and a are constants. This function and the wave function for the first
excited state are shown in Figure 35-7.
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FIGURE 35-7 (a)The ground-state
wave function for the harmonic oscillator
potential. (b) The wave function for the
first excited state of the harmonic
oscillator potential.



SECTION 35-4

Reflection and Transmission of Electron Waves: Barrier Penetration

We see from this example that the ground-state energy is given by

a1
EO £ 7 == Eﬁwo
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The first excited state has a node in the center of the potential well, just as with

the particle in a box." The wave function ¢;(x) is
g (x) = Axe

where a = mw,/2%, as in Example 35-1. This function
is also shown in Figure 35-7. Substituting ¢;(x) into
the Schrédinger equation, as was done for ¢(x) in Ex-
ample 35-1, yields the energy of the first excited state,

=3
E, = jfaw,

In general, the energy of the nth excited state of the
harmonic oscillator is

E =m+ %)ﬁwo, n=20,12,...

n
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as indicated in Figure 35-8. The fact that the energy
levels are evenly spaced by the amount fiwj is a pecu-
liarity of the harmonic oscillator potential. As we saw
inChapter 34, theenergy levels for a particle in a box,
or for the hydrogen atom, are not evenly spaced. The
precise spacing of energy levels is closely tied to the
particular form of the potential energy function.
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Li(x) U(x) = %kx2 = %mwo X
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FIGURE 35-8 Energylevels in the harmonic oscillator potential.





