36-2 The Bohr Model of i P
the Hydrogen Atom : Y

Niels Bohr, working in the Rutherford laboratory in 1912, proposed a model of
the hydrogen atom that extended the work of Planck, Einstein, and Rutherford \ +Ze !
and successfully predicted the observed spectra. According to Bohr’s model, the N g
electron of the hydrogen atom moves under the influence of the Coulomb attrac- N )
tion to the positive nucleus according to classical mechanics, which predicts % L
circular or elliptical orbits with the force center at one focus, as in the motion of B g e

the planets around the sun. For simplicity, Bohr chose a circular orbit, as shown o ~Let _

in Figure 36-3. " r

FIGURE 36-3 Electron of charge —¢
traveling in a circular orbit of radius r
around the nuclear charge +Ze. The

Consider an electron of charge —¢ moving in a circular orbit of radius r about a  attractive electrical force kZe?/r2 keeps

positive charge Ze such as the nucleus of a hydrogen atom (Z = 1) or of a singly  the electron in its orbit.

Energy for a Circular Orbit
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ionized helium atom (Z = 2). The total energy of the electron can be related to the
radius of the orbit. The potential energy of the electron of charge —e at a distance
r from a positive charge Ze is

k
U= ‘71‘72

_ k(Ze)(—e) _ kZe?
: .

36-3
r 7

where k is the Coulomb constant. The kinetic energy K can be obtained as a func-
tion of r by using Newton’s second law, F,,, = ma. Setting the Coulomb attractive
force equal to the mass times the centripetal acceleration gives

kZe? v?
5 = m— 36-4a
r r

Multiplying both sides by r/2 gives

1 1 kZe?
K=—-mv?*=_-— 36-4b
2 2 r
Thus, the kinetic energy and the potential energy vary inversely with r. Note that
the magnitude of the potential energy is twice that of the kinetic energy:

LU= -2K 36-5
This is a general result in 1/7? force fields. It also holds for circular orbits in a

gravitational field (see Example 11-6 in Section 11-3). The total energy is the sum
of the kinetic energy and the potential energy:

2 2
E:K+U=lkZe _kZe
2 r r
or
1 kZe?
E=—§ re 36-6

ENERGY IN A CIRCULAR ORBIT FOR A 1/r? FORCE

Although mechanical stability is achieved because the Coulomb attractive
force provides the centripetal force necessary for the electron to remain in orbit,
classical electromagnetic theory says that such an atom would be unstable electri-
cally. The atom would be unstable because the electron must accelerate when
moving in a circle and therefore radiate electromagnetic energy of frequency
equal to that of its motion. According to the classical theory, such an atom would
quickly collapse, with the electron spiraling into the nucleus as it radiates away
its energy.

Bohr’s Postulates

Bohr circumvented the difficulty of the collapsing atom by postulating that only
certain orbits, called stationary states, are allowed, and that in these orbits the
electron does not radiate. An atom radiates only when the electron makes a
transition from one allowed orbit (stationary state) to another.
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The electron in the hydrogen atom can move only in certain nonradiating,
circular orbits called stationary states.

BOHR’S FIRST POSTULATE—NONRADIATING ORBITS

The second postulate relates the frequency of radiation to the energies of the
stationary states. If E; and E; are the initial and final energies of the atom, the
frequency of the emitted radiation during a transition is given by

f=- 36-7

BOHR'S SECOND POSTULATE—PHOTON FREQUENCY FROM ENERGY CONSERVATION

where 1 is Planck’s constant. This postulate is equivalent to the assumption of
conservation of energy with the emission of a photon of energy /if. Combining
Equation 36-6 and Equation 36-7, we obtain for the frequency

E1_Ez_lkZez(1 1> sos

f= h 2 h \r, 1
where -, and r, are the radii of the initial and final orbits.

To obtain the frequencies implied by the Rydberg-Ritz formula, f = c/A =
cR(1 /ng = 1/11%), it is evident that the radii of stable orbits must be proportional
to the squares of integers. Bohr searched for a quantum condition for the radii of
the stable orbits that would yield this result. After much trial and error, Bohr
found that he could obtain it if he postulated that the angular momentum of
the electron in a stable orbit equals an integer times # (“bar,” Planck’s constant
divided by 2). Since the angular momentum of a circular orbit is just mwr, this

postulate is

nh
mor=—=mnh, n=1,2,3,... 36-9
2

BOHR'S THIRD POSTULATE—QUANTIZED ANGULAR MOMENTUM

where i = /27 = 1.055 X 10734 J.s = 6.582 X 107 % eV-s.

Equation 36-9 relates the speed v to the radius r. Equation 36-4a, from
Newton’s second law, gives us another equation relating the speed to the
radius:

or

_ kZe?
nr

02 36-10

We can determine » by eliminating v between Equations 36-9 and 36-10. Solving
Equation 36-9 for v and squaring gives

h?

m2r?

0?2 = n?
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Equating this expression for v? with the expression given by Equation 36-10,
we get

f2  kZe?

2

m2r? mr

Solving for r, we obtain

r = n? = 22 36-11

RADIUS OF THE BOHR ORBITS

where a, is called the first Bohr radius.

72
= = (0.0529 nm 36-12
mke?

g
FIRST BOHR RADIUS

Substituting the expressions for r in Equation 36-11 into Equation 36-8 for the
frequency gives

1kzZe?(1 1 mk?e* (1 1
s o2\ e 36-13
f 2 h (7'2 r]> 473 <n§ nf)
If we compare this expression with Z = 1 for f = c¢/A with the empirical

Rydberg-Ritz formula (Equation 36-2), we obtain for the Rydberg constant

_ mk%?!
47rch?

36-14

Using the values of 11, ¢, and fi known in 1913, Bohr calculated R and found his
result to agree (within the limits of the uncertainties of the constants) with the
value obtained from spectroscopy.
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Energy Levels

The total mechanical energy of the electron in the hydrogen atom is related to
the radius of the circular orbit by Equation 36-6. If we substitute the quantized
values of r as given by Equation 36-11, we obtain

1 kzZe? 1 kZ2e? 1 mk2Z2e*

& 2 7 2 nPa, 2 n?h?

or

E =-72— 36-15

ENERGY LEVELS IN THE HYDROGEN ATOM

where

1
= =-—=136eV 36-16
0T o T2, €

The energies E, with Z = 1 are the quantized allowed energies for the hydrogen
atom.
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